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The  OscillationB  of  ^  Damped  Macnet. 
It  is  no  re  than  a  coincidence  that  the  sarne 
relationships  betreen  fund^iAental  concepts  are  fonnd 
in  different  physical  sciences.   In  each  science 
there  are  concepts  or  characteristics  whose  funct- 
ion and  action  are  .similar  to  those  of  certain 
quantities  in  a  related  branch.   The  one  is  the 
analogue  of  the  other.   In  mechanics  there  are  such 
elements  r^i^   mass,  motion,  momentum,  etc,  and  whose 
counterparts  are  recognized,  under  various  names, 
in  the  cognate  sciences.    "Retreen  physical  mag- 
nitudes of  the  same  fundamental  character,  in  the 
last  analysis  of  cause  and  effect,  re  find  a  siw«- 
larity  in  function  and  reff'Alt, 

The  relationship  v^ith  vrhich  the  ^.resent  paper 
is  concerned  is  of  the  foregoing  type  and  it  is,  in 
fact,  an  expression  for  physical  phenomena  in  both 


nieohanics  and  electricity.   Consequently,  all  of 
equations  and.  results  that  are  herein  developed  and 
explained  are  available  for  direct  use  in  any  one 
of  several  distinct  'cases,  each  of  yrhich  nay  be 
taken  to  be  the  counterpart  of  the  present  one. 

In  the  course  of  our  investigations,  a  number 
of  soiAevThat  complex  expressions  and  relationships 
are  encountered  and  in  order  that  their  origin  and 
lutrepretation  may  be  obvious,  and  their  applications 
may  be  easily  understandable,  it  v:ill  be  desirable 
to  approach  the  subject  in  a  very  siiaple  and  easy 
manner,  as  \ie   shall  now  proceed  to  do, 

v.'hen  a  body,  capable  of  moving  about  a  fixed 
axis,  is  displaced  from  its  position  of  equilibrium 
it  is,  in  general,  subjected  to  the  ant.  Ion  of  a 
couple  tending  to  return  it  to  its  initial  position. 
Follov,'ing  the  displacement,  the  body  usually  executes 


vibrations  about  its  ijosition  of  equilibrium  and, in 
all  material  oaReR,  gradually  ooines  to  rest  there. 
This  type  of  motion  Ib  represented  by  the  oRcillat- 

ions  of  a  pendulum,  of  a  suspended  magnet  ±i\   a  mag- 
netic field,  of  a  balance-v.'heel ,  of  a  mass  suspended 
by  an  elastic  vrire,  etc.   In  the  theoretical  consid- 
eration of  any  of  these  cases  there  ma^''  or  may  iiot 
be  damping  action  arising  from  frictional  reristance 
of  one  kind  or  another  or  from  divers  reactions. 

The  same  equations  and  results,  obtained  from 
a  consideration  of  any  of  these  examples  vdll  apply, 
with  proper  interpretation,  to  an  electric  circuit 
containing  resistance,  capacity''  and  inductance  and 
a  current  rhose  value  is  a  function  of  the  time. 

In  the  above  illustrations  there  is  a  cou^jle 
tending  to  restore  the  body  to  the  position  of  equi- 
librium and  v'hich  is  a  fimction  of  the  angular  dis- 


placenent  fron  the  position  of  rert  at  ant  inf?tant. 
This  coui>le  may  arise,  for  example,  from  the  presence 
of  an  external  force,  such  as  gravitational  attract- 
ion, the  earth's  magnetic  field,  or  thru  the  elastic 
or  torsional  property  of  the  stispension,  or  from  any 
combination  of  them.  In  all  cases  referring  to  a 
practicable  s^'^stem  there  are  rlarapiMg  forces  called 
into  being  by  the  velocity  and  v."hich,  therfore,  are 
some  function  of  it. 

The  equation  of  iaotion  of  the  body  roay  be  vrrit- 
ten  at  once  and  iii  ^.cco-^dance  rith  d'Alembert's 
Principle,  a  mathematical  statement  of  Nevton's 
Third  Lav;  on  Motion.   It  is —  the  impressed  forces 
together  rith  the  forces  of  inertia  form  a  system 
of  equilibrium.  The  forrrier  comprise  the  restoring 
forces  and  those  arising  from  the  resisting  or  damp- 
ing agencies.   In  the  case  of  a  rigid  body  cat)able 


of  oBcillating  about  an  axip,  the  forces  of  inertia 
are  given  by  the  product  of  the  tioii.rit  of  inertia 
and.  the  angular  acceleration,  and  are  rei^resented 
by  K  -Tjz'    The  directive  forcer,  reKponpible  for  the 
return  of  the  bfdy  to  the  initial  porition  riay  be 
represented  by  — X)j(S)  and  the  energy-oonf^uiaing,  or 
damping  forces  t»y- P  j;/?-^^)  D  '^nd  P  being  conRtantpt. 
The  eo-aation  of  r.otion  is  therefore 

k^'  +P+(#)+^f.(^3  =o.  CO. 

This  is  the  expression  Fhen  the  origin  coincides 

T.'ith  the  position  of  equilibriim,  the  zero  position, 
as  it  v'ill  be  frequently  designated.    If,horever, 

these  tro  points  do  not  coinoide,  but  are  separated 
a  distance  £,     ,  the  eauation  becomes 

The  solution  of  either  of  these  forms  is  dep- 
endent on  a  Xnor ledge  of  the  nature  of  the  fumctlons 


((     )  and  ;f(  )  'u^cl  in  general  it  is  only  vhen 
the^r  are  simple  in  relationship  that  the  problem 
can  be  succepsfulli''  ^.-^ndled.   To  facilitate  t'-.e  inte- 
gration^^^C  )  is  assumed  to  "ue  represeiited  by/Q^u^  and 
-j.C  )  by  "t^-^  first  mr  second  power  of  the  velocity. 
Such  assu:'.ptions  as  these  correctly  represent  the 
circumstances  of  a  magnet  supported  by  a  torsionless 
fiber  and  oscillating  in  a  magnetic  field,  the  air 
damping  being  proportional  to  the  velocity.  The 
equation 

If  t";e  bod3'"  execute  oscillations  so  small  that  the 
sine  of  the  angle  is  substantially  eoual  to  the  angle 
itself,  or  if  a  non-magnetic  body  be  suspended  by  an 
elastic  fiber,  then  the  equation  takes  thn  fom 

or     K  4_'A  -fP^^  ^D^s-  6)  -  o  ,        (_^). 

corresponding  to  Eq.(  c^). 


iB  K'^/^.^P^-J+O.-^^-o-   C3) 


In  the  general  Eq.  (4).  it  is  to  be  un^ierntood 
th?5t  K  is  the  moment  of  innrtia  of  the  suspen'U-cl  body, 
P  the  danpinc  constant,  that  is,  the  factor  v.-hich 
multiplied  into  the  angtilar  velocity  of  the  body  gives 

the  resisting  moment  of  the  notion,  and  D  is  the 
restoring  force  and  defined  as  the  constant  relation 

betvreen  the  moiaent,  arising  from  a  small  dJ.n^jla3e- 

ment  and  the  angular  magnitude  of  the  displacement. 
If  the  restoring  moment  arise  from  the  torsional 
rigidity  of  the  suspension,  then  j)-^Jrq:  r       rhere 

i)   is  the  modulus  of  torsional  elasticity, r  is  the 
radius  of  the  suspension  and  1  its  length. 

It  is  to  investigate  the  cases  arising  under 
this  equation  that  the  present  paper  is  devoted. 
But  before  doing  so  it  v/ill  not  be  vithout  value  to 
reviev:  the  general  ideas  involved  in  uJidamped  oscilla- 
tory motion  and  to  that  end  the  next  fer  pages  vill 


a 

be  given   over  to   the    connlrleration  of  a    .jendulrui 

sringing  in  a  non-reainting  nedium. 

Chapter  l . 
As  V^f^^t^  ±r.   no  rlx^ii'' ng ,  ?:q .  (  4  )  becones 

and.  its  statement  may   oe   made  as  follovs:  the  pendu- 
lum possesses  a  variable  notion  and  an  acceleration 
that  is  directly  proportional  to  the  disp.1ace;.:ent . 


In  particula"^.  rre  ha^^e 


-y^C^.   i-y^^fs  =o,  ^^^ 


v^here  1  is  the  length  of  the  pendulum,  m  is  the  nass 
of  the  bob  and  g  is  the  gravitational  constant. 

If  the  equation  above  be  rev.Titten,  for  conven- 
ient manipulation,  the  changes  being  easily  loiider- 
stood, as        -4^  -^f'^S  -G  CO. 

the  solution  is  easily  found  to  be 
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v;here  B  an^i  c  are  arbitrary  const  ants  Introduced  thru 
integration.  Let  b=   Acor.a^  and  C=Af!in=\  v,'here  A  and 
c(  are  also  constants,  then  Eq.(lO)  beco^r.nn 

if  Eq.(iO  oe   accepted  a?:  representinc  the  actual 
motion.    By  inspection  it  can  oe  seen  that  c\   is 
the  angular  ^josition,s,  of  t^ie  bob  at  the  time  t=0; 
that  is,  the  origin  of  time,  in  the  general  case,  is 
not  coincident  with  the  passage  of  the  body  thi-u  zero, 
the  position  of  equilibriion. 

It  is  seen  that  if  the  angle  ('^'t-°<)  be  increased 
by  2'JV    the  values  of  the  sr"ing  are  the  sa:ne.  Hence 
the  motion  passes  thru  a  cycle,  repeating  itself  at 
equal  times,  and  is  accordingly  pfriodic.  TV.e  maxi- 
mum displacement  is  A  and  is  attained  vhen   (f  t-d,  ) 


10 
is  equal   to^or  an  odd  laultiijle   thereof.      Aocordincly. 

as  the  maximum  value  of  the  av.'i::^''.  remains  the  sane 
vath  the  laijse   of  time,    the  motion   Rhov,'8   itself   to   be 
rithout   damping  and  thereby  oonfims  the  physios  of 
the   case. 

If  the   times  of  t\70   oonseoutive  elongations,   or 
raaximijim  displacements,   on  the   same   side  of  the  origin 
be  designated  bt   t,  and  t^  and  as  the  angles  at  v.'hich 
these  positions  are  attained  differ  byJ^7^,   there  re- 
sults,   the  time-interval  of  a  oomjji.ete  oscillation 
being  designated  by  T,    {t.f  -  ^     )=^.say.    and  hence 

{tj-^     )^^     ♦    or  T=  (t^-t)- ?/rf  .  (/i^) 

Let   us  noT.'   determine   the  values  of  the   constants 
A  andc><,    and  in  the  :\ost    general  manner,    that   is   , 

T;hens  =  s    ,ds/dt  =  v      and  t  =  t,     .    It    is  easily  foi;md 

.^.  xut,  ^  -,  ^TfS,  C'2). 

that  c*.  -  — —r —   -  /.a^t   —^  , 


and  /\  :.\  S"^    +     ^' 


A  ^  [  s; 


i-  -r'i^ 


('3). 


liT 


'     / 
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In  tho  speciPl  cnre  v.hen  b  -  a.'-ls /dt  .  s'=  0  ani  t-  0, 
v.-e  findo^  =  -'n;^  find  A- a.  V,?irn  b^h.   dP/dt-R'=0  sr.d 
t— T/4^  re  find  c<  =-  0  and  A=a.   In  the  firr.t  c-'oe 
t  is  estimated  froiu  the  Iristant  of  f^reatest  elongat- 
ion and  in  the   second  case  from  the  transit  of  the 
zero  position. 

The  introduction  of  T  from  Plo.(il  )  into  Y.a. 
( 10 )  gives  the  displacement  in  the  form 

The  velocity  is   S -^-- -^^-^  t^('^-^--<J  ,  C'^J. 

and  the  acceleration  5  - "^  =  -  ^^^^  ^l^vI^ (  ^^ t- o< )     c  '  ^X 

If  the  constants  fron  Ens.(l?)  and  (  l.? )  be 
introduced  into  the  last  three  expressions  v/e  have 

I    •  ^fjx.  \    T  T  Y,    I     ^ 


It  is  to  be  noted  that,  r\r.   a  matter  of  sinplifica- 


tion,  it  v.'iii  ocoanionally  beoonvenient  to  use  s '  >.m6. 


r;"  to  indicate  the  first  hv.d    pecond  derivatives  oT 


the  diRplaoernent  S. 


If  the  initial  conditions  be  specified  as 


s  =  0,    s'=v   and  t=0,    then  Eo.(14)  becoinos 


(-'V 


The  velocitv  is  S  ' -  M o  c^c^  ^^^ 


or) 


The  maximuin  elon£;agion  has   a  value  of   TVo/?7r, 


The  maxirnurn  and  minimum  values  of  the  funda- 


mental raar-nitudes  that  have  been  shovrn  in  explicit 


relations  in  the  abo^e  equations,    together  vith  their 


tlines  of  occurance,    are  given  in   the  adjoining  tai-le. 


Max. 


]'.in. 


Anrular 
Displa';ement . 

Angular 
Velocity. 

Angul  '^.r 
Acceleration. 


Val\ie. 

X  m.a^  . 

Value. 

^  »l»«~^  . 

A 

m  -.%) 

r 

/  rr  ^  h  ) 

nr/\/r 

^(^-f.) 

c 

ri-v"-^.) 

-airA/i 

n-^^.) 

c 

n-'-  7,) 

1% 

In  the   table  m  and.  n  Ini.io.'^to  ;in4  positive,  even  or 
odd  vhole  mmbers  reside otivel-/. 

O'.w   attention  v.-ill  nov:  be  tran^^f erred  to  the 
deterninatlon  of  the  periodic  ti:ne  of  vibration  and 
to  that  end  let  the  origin  be  located  at  an  eloiigation 
and  t  be  estimated  from  the  inst?int  that  f;'=.0.  if 
the  arc  b  be  described  by  the  body  in  the  '  ine  t'. 
and  if  the  arc  A  =  arc  s-f-arc©,and  1  the  radius  of 
the  arc,  then  vre  have  b  =  1(A-©).   Since  the  velocit3'- 
at  t '  is  that  vrhich  rould  be  acquired  b^/  the  body  in 
falling  vertically  thr^a  the  distance  betv:een  paral- 
lel horizontal  lines  intercepting  the  ends  of  the 
arc  s  , there  results  from  V  — Pgh,  the  vrell-Knovm 

gravitatiojial  fnrnrala, 

^^  ~  :z  q,  i  ( (^^  e  -  (^-^o  A)  (»?) 

g  being  the  usual  gravitational  constant.  This  changes 
to,  thra  the  mediu.:  of  s=l(A-e), 
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anri  hence  ^^±  :i\'^    \  -^^:^^  ^2  -  ^sz-O^^  ^t.  (^  0  • 

It   in  to   be  noted  that    cose  dininiRhes   hp.  t   increases, 
rid/dt   is   therefore   negative,    and  hence   Kq.(?^l)   is 

Accordingly,         A  f  f/^    7         -  ^^  P^^^^-y,-.^- ^;^    C^  3j  . 
or  ^T^f^  ^  ^^^')' 

If  sinA/S-sin  i^    De   substituted  for   sin9-/^,    a   chan^ie 


that   is  valid  as  6-  is  alrays  less  than  A,    there  results 


, r  'A d<P  ,^H 

3r,    as  sin  A /2  is  a  constant,  =  ^l'-^'^    J^    //  -/^^,<i^"©- 
The  denominator  is   exijressible   as   a   =:erieF!, viz, 

o 

there  results      T=:z7t\^/j-  j  /  f  ('O'^  '^  IriJ  '^"^^  t^^^  kS  -  -  -  j^  7/ 
This   expression  is   the  tiLie  of  a   conplete 


I  ^ 


f: 
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ORcillation  of  n.n  angular  extent  ?.K,      In  c^r.e  A   is 
so  Binall  that  its  square  ^nd  Til  higher  povrers  oan 
be  neglected,  that  is,  tho  body  executen  onl^'-  snail 
excurBions,  then  our  last  equation  Decoi^es 

7^  2  ///  ^/f    or  by  Fqs .  (  7  )  and  (  8  )         ^-^^ 


Chaptrr  11.  ^-'^» 

The  preceeding  pages  provide  a  cursory  intro- 
duction to  the  Rub.ject-proper  and  it  is  to  this 
that  v:e  shall  nor:  give  our  'Attention.  To  that  v.:"i^.ch 
has  gone  before,  a  ner  condition  is  added,  na^nely 
that  of  damping,  and  to  seo\irf'  a;;  e.quati*)?'.  thnt  actual- 
l^""  represents  a  systeii  that  is  nateriall;/  possible, 
v;e  shall  assume  that  '■he  Tariping  effect,  is  proport- 
ional to   the  first  poorer  of  the  vei.ocity,  Eq.(4)  may 
be  vrritten  as  ?L-L  ^-?  n.  7-r^  i--{  *"  s"  -  «  ^   -^ 

or  as         £^^-L  ^  j^t  4^  ^:f' Gs-  fej  -  ^ 
if  the  origin  be  not  at  the  position  of  equilibrium. 
Inasmuch  as  7:e  can  alv:ays  move  the  origin  into  coj.n- 

cidence  •■•'ith  the  zero  ^jjs-ition.  the-^eby  simplifying 
the  results,  v.'e  sh^ll  assiuce  that  this  has  L;een  '^one, 

and  from  t^is  ti;^e  oi;,  uc^"  the  oorrcspondi  .g  form  of 

eqn.ation. 
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This  equation  occurs   fr«'nutnitly   niii   in  varifrl 

garb  in  uatheiaatica.i.  phy^^ics  in  rriany  capeB  of  dnrnpei 
notion,    such  «r   the  oscillations  of  a  pendula^n  in  a 
resisting  necliuri,    of  a  d'Arsonval  galvanometer  coil, 
or  of  the  moving  oysterri  of  a  Thorason  gal^an i.r.oter  or 
a  raagnetoiae:t«^i',    or  of  thr  riot  ion  of  a   current  or  a 
charge  in  an  electric  circuit,   etc. 

It   is  to    oe  noted  that    the  equation  rf^fers  to 
a  system  of  unit  rionent   of  inertia  and  that   the   coef- 
ficient of  damping  is  2n  and  that   the   coefficient 

2, 

of  restitiition  is  f. 

The  solution  of  this  enuatior.  is  possible  on 
the  follov;ing  principle:-  any  solution  of  the  enua- 
tion  multiplied  by  a  constant  is  a  solution  ai-id  the 
suia  of  tvTO  solutions  is  a  solution.  To  obtain  partic- 
ular solutions^  let  s  ^  e"*  ,n'--  me**"  ,s"  =  m^e**  .  and 
hence  i;q.(30)  "Decomes 


^    WA  ^ .  ^  ,.,,,„  A<  <"  _  ft  i^^  t 


and  'M  -  —  t\.  t  i  jj^-L  .  ^->- 

If  the  tv'O  values  of  m  be  deBicnater!  by  rn  and 


m^.  then  the  particular  Bolutions  aro 


S   --  ^  '^'^r  e^'''^  '"^'  -^'' 


a.nd  the  ger.ep'^l  solution  Is  given  by 


:> 


S  =  A  e'^'-^i-   Ce^'"^' 


(a  +  ^.^-T-  K     (.^-v.,.^.  3^p^>) 


6  ^  Ae  +r3e 

There  are  three  separate  oases  in  the  detailed 

consideration  of  J'n.  (5/  )  and  they  are  deterrrdneri 

by  the  value  of  the  radical,  t>;at  is,  by  the  relative 

magnitude  of  n  and  f.  In  general,  then,  vhen  r:i,aj;d' 

m^  are  real  quantities  and  unequal,  t:ie  solution  in 

of  the  form    S  =  /^  &     +  ^^ 

and  of  the  form     S  --(.^  t  l^tji^   ^  ^"^-^ 

y.'hen  the  roots  are  enual.  If  the  roots  be  ir-aginar:,^ 

It  shall  be  our  problern  to  consider  in  sorae 
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detail   the  o'aar^^GteriRtics   of  thf:se  equations  unrter 

varioxiP   appurnptionR   «.nd   to   that   end.  re   shall   divide 

the  invest ic'ttion  into   three  ijartn. 

Part     I,      n<f.  F.o,{M), 

Part   11,      n>f .  Fo.(  ^^). 

Partjii^      n=f.  Eo.(r>.'^). 

Part   I. 
'^he  radical  is  imaginary  and  if  the   tro  roots 
xr.^  and  rcL^he  vrritten     iLj^-n  -ig  =-n  -r;   xri^-=.-n-tlr-  -n+r; 


vhevp   i  =  /=r,    2 ^  V f  - n"    ,   and  r  =i£:  ^•V'n^-f^    ,    then 
our  equation  may   oe  v/ritten 

If  the  initial    oonditions   s=a  and   s'  =  0   are   trae 
for  the   time   t^O,    then  the   constantB  have   the  values 

B  — -ha(n+r)  /Pt     j 
and  accordingly  v-e  h^vp  the  emjation  for  the    ins+rsn- 

tanecus      lis   ] acenent    in  t>p   form 


Also    the.    vrlooitv  j.        ^        ^^ 

find   the   acielemtion 

It  muBt   nor   ue   Rhofnt^rjt    the  la'tior   tn  nneptlon 

in  opriodic   irA  for  th'^t   piirponp   let  ur  t.'^Kp  usf-   of 

the  pair  of  exi^reBRionr'. 

e       =cop-~t  +  inin£;t, 
e'^*    -  ooRfft  -  i-sin-gt. 

The    PAilstitution   of   thf:   trigonometric   terr-in   in  the 

ab o  •>' e,   e  qu'^.t  io )    g  i v  e  r 

-Ht 

R  -  e      (  A(  coBgt  -  i-Riiigt )  +  T^(  coBgt  +  i-Ringt  ) ) 
-e     ( (  A+n)cofvgt  -  i(  A-B)singt ) 
Incorporating   the  valuer,   of   the    oonstantR   A   and  p  gives 

R  =r  ae      (  GORgt  -f  n  /gf?ingt ) .  {*/o). 

If  n/g  be   reolaced  by  tan(-°^),    t'e  inrt   eXi^rer-sKion 

_   /- 
beoonep  r  =•  ae      (  f  /g.Ring(  t  -  ^ ) ) .  (¥o) 

The   angu.lar  ^'elocity  nov   uecor.en 

<is  /rft^-^e     f(n/g  .Rin-g(  t-o<)  -  coRf:(  t-^) )  (/*f) 

nrA   the   acoeler'^tion 

ds  /dt  =  a^T'^^f  ( (  n^- g>in  ■  g(  t  -^  ) ) .  O^-^^ 


21 

In  the   capt^   of  Ep.(40)    the   '^^flpction  ip    zero  vhen 

t-l/gt°n  (-3/h)anrl  +.=  o<  in  Fn.(40'). 

If  the  (:-o^y  start  from  rest  at  one  of  its  elonga- 
tions, then  there  results 

s=  a'e"**  sin  (2"^^^), 

s  =  ae     cos  ( £it ) .  ^^ 

The  •^'■elooity  is  ■       . 

s'--a'p"'   (  ncos -rrt  -  g -sin -^t  )^ 

^  -  ns  t  ae"*^  g ■  sin  gt .  (^^J 

If  the  body  ijasr.es   thm  tho  zero   ^.o-^ition  T'ith  a 

velocity  v^  .    then  r'e  raay   also  7;rite 

R- VC'^      sin  ct.  (yd) 

The   elongation   is  attained  rhen  t=  1^-tan  (1/n), 

and  its  valn.e   is 

R  _^  v^/-;^"  "^    si n  (z  - 1  /g '  t  an"  Vl  /h )  ^ 

Corresponding  to  t'.in  eriu'^tio.n 

s  ^  a'e  "  sin(gt-»<.)  (^y(?^- 

it   is  found  that   the  tines  of  laaximum  and  irdniniijim 
displaoe"-.entg   are  g'ver.   c»j      ^^-t.^'- ^{!^' -^- -^'^) -^  ^"^~~) -^ 


<0      ,     ~ 


4 


f 


*lilr 


q  bei]ij;-  any  vhcle  positive  number . 


T^ie  notion  ir  r'eco-;;nj.zed.  rp  being  periodic 


o?;ing   to   the    orcsejice  ox    V.c  trifonoxetrirj  term. 


Further,    Kii^.ce   the   olon;^^^!!^,?;  on  +he   Rfu.ie   Birie   of 


the   origin  "Ht   equally   se:varat'="-l  inter^fri.lp  ^    n   folloY' 


that  the  oscillHtions  are  isonohronous  Junt  ap,  in 


the  cane  of  i\ndan:>.ei.  motion.  The  periodic  tine  is 


;-iven  by      T-  ?ir/i  ==  JlTT  l^f-n^ 


^t 


If  re   "^ccept        n  ^  Ae      sin(2t-'=\)      as   the  {^c). 


"oriii  for   the  ^ene-^al   t^r^e   of   dairi.eri.  oscillatory  i.iotion. 


and.  if  the   Roecification  of  the   initial    conditions   be 


3  t=.  3^, -^-'^  V,     ,   rhen  t  — t,    then   the  determination   of 


the   oonntants.    in  th^  r.ont   £-eneral  rrianner,    given 
o^=  gt,-tan  (  ^/(()  , 


A  ^  1  /z)j  V  +  Pn?v  +  R,"(  nV  g-  )      . 
These   tro   eY.jresRions  give   the  valiien   of   the 


{"T) 


conBtants  of  integration  for-  an  -  po<5«^ible  con;bina— 


tion  of  initial  conditiunB, 


Any  constantR   -i.eteriiiinod  by  t:i<^   Tid  of  the   Inst 
formul^p  vrill  be  foiuil   in   correRpondenoe  \-ith  thop.e 
vr'aloh  are   obtained  for  tho   siniliar   cnr.r  of  landaraped 
notion.    If  thp  fist   pair  of    r^onp.tants  be  modified   by 
allorlng  n   to  beoorrie   r;»''ro,    then  th.'^    sedond   pair  of 
conptants  is  the   remit.     Th"i.R  it    can  be   neen  that 
Eo .    (4-o')    is    closely   related   to   y.n.{  !\    ),    the    tyro  be- 
coming the   R^jiie  v'hen  n   in   zero;    i.e.    v/hen  d^iflping   is 
absent.    It    is  therefore    olear  that    the   evponentinj. 
term  arisen  thn.i  damping  alone   and  from  itr.  unchang- 
ing negative   character,    it   follov.'R  that    the  dir.pln ce- 
ments or  f.rings  suffer  diminition  i;;  a  geometrical 
ratio,    '^or  the   F.ai.ie   value   of   t,    then,    the   displace- 
ments of  the  damped  arid  the  undamped  motions  ar«   in 

-^      -J- 

the  ratio  of  e       to  1. 


?4 

Oh?ii-'ter  III . 

\"e   ^re  nov  ^jrep^rcd  to   '^•^.kn  ui>  the   consideration 
of  t>e   inter<^stinc  case  yihf.n  the    coefficient    of   da:.;i>- 
ing   is   greater  than   the   coeficieiit   of  reptitntion;    i.e. 


np>f.        Returning   to   Fq.(^^)   and  rerriting   aR 

it   can  be   seen,    bearing   in  r.iind  the   relntionship 
betveen  n  and  r,    that    s   sruT-'ers   a   steady   dirr.inution 
from  its  laaxiruani  value   s=.a,    rhen  t=G,    to   the   value 
s  =0,   Y'hen  t  =  -Xi  ;    the  bodv  therefore  gradu'^ll^'   comes 
to   rest    at    the  origin   anri  vithout   having    unsRed  thru 
zero  during  the    infinite   tine   that   elai^ses  during  the 
notion.      This   tyijr.   of  raotion  is    called   aperio^'ic.    the 
term  originating  vith  du  Bois-Keynond. 


r;iaxir:.^ar.i  at         \   ';iY        j     >,. 


The  velocity      S  - 


attains   a  rriaxirri-'ar.i  at         *-,   '^t'  ""''7     >._ v  ' 

M-.d  the   acGele:'-ation    3=  ^'    €      ]i.^-*'')^'   —  V^    "^i^--     j 
its  najTinuni  at     f^J~   /m  j  C  Hfr  j'/^k-'')'^  •  (6"2)- 


r 


_^..(^.6J|    a,  =./o a,. ; ^ «,i=^...^C 


1 

f^=.©iJ- 



:===-—= 

■:■       _ 

T  »  Me-. 


?5 


To  dpterniine   the   conptniitr.  to   thf   general 
equation  5,,  "^^j^^   ~'^^  ^3  J"^  J  U). 

in   the  rioRt   ^oii'  ral  iv   r.er.   ^-e  eanilT'-  rind  theia  to    oe 

If   tiL;e   is   to  be  .i:e -is .ire-i  frd,-  thr   instant    of 


transit   th?:^!  zo.ro,    ^  "nen  by  the  for.iiul^.!^   just   'leri^'ed 


re  have      A^-v^  /?r    ,    B=v^/Pr.    '''he  eouat  ion  of  notion 

-^tr    rt 


then  becomes      S 


^        -^A.rr     rt         -ri 


(^^4) 


The   corref5iJondir.2  exi^ression   for  thf-   velocity   in 

^--^e'^^^^^V-^^j^e^^^i-jJ,         {55). 


and  for  the   aooe"  er'^.tion 


^1  ,    »:^ 

^tst^   '    J2.V 


y^r 


^^"^je^^CM-rJ^-e"'  (KH-r)"]  .      (c^-^). 


As  the  body  moves  at-ay  fron  zero  vith   -'^n  initial 


velocity  v^  ,    it  vill   attain  a  raaxinram  position  ?.     nt 


a  tine   t    ,    '=!ay,    and  ^"hope  valn.c   is,    as  ve  have   already 


seen,  ^.--//^-^^  -C^^^ 


The  nap:nitude  of  the 


swing:  is  j^iven  hy 


The  position  of   the  body  -^t  any  ti::.e  aft»r 
ftlongs^tion  and  meanure'^.  from  that  instant,  -^s  indi- 
cated  b-'-  the  relation  t~   t-t  ,  is  riven  bv,  -^f  can 
be  r.pfv.   from  the  nature  of  the  case, 

And  finally  v.-hen  damping  is  veirr  ^reat ,  aris.Lng  from 
the  relatively  large  value  of  n,  then  n  ar.d  r  '"'o  not 
differ  materially^  and  the  last  equation  ueoo:.ies 

The  ratio  of  the  deflection  s  as  given  by  £q. 


(57)  to  the  first  s^'ing  s^is 

This   inplicit   relation  between  the   fraction  s /s^and 
the  tine  ij  — t^jthe  interval  that  has  elaijsed  since 
the  elongation  can  be   solve'-T  h^r  cut-.ai.d-try  r/iethods 
for  either  the      s/<^^fr^-.ct '.on  or  the   time   internal 
v'hen  the   other  is  Icnov.m  or   assumed. 


If  ti«»  copfficipnt  of  damping  if;  so  larftp  in 
cora^jariRon  to  thr  copfficifnt  of  restoratior.  f^.^^t 
the  latte''  \9.   negligible,  then  n-r  and  Kn.(^/  )  is, 
in  its  general  forrn^  s  =■  A^^^  -t  ^  ,  (fc'/ 


and  for  th^  sijeoial  oonditions  F^r.  ,v»=v  t-t  then 
A= -v,e  '/Pn;  3-s, +v./Pn  ,   V'hen  these  n^ecial 


relation?  refer  to  the  circur.istance  of  ^   the  liody 
starting  frou  rert  at  its  eloiigation  thf-n  t;io  en\r-=»tion 

of  motion  becomes     6  -  cc  ,    sinoo  h-o   ar/I  3=  a. 
That  if"  to  sa^^  the  bod^''  dooB  not  move  fro!'-  the  initial 

position  and  there  is^thp-'^eforPjno  :r.otiDn.  The  motion 
i?  oom.jletely  damyed  out  of  existenoe.   The  gra^h  of 
this  notion  is  then  clearly  a  straight  line  parallel 
to  the  time  axis  and  passing  thr^i  the  point  s  ^  a  on 
the  dis^.lcement  axis.  Further  it  follo'vs  that  this 
line  is  the  asymptote  of  all  the  less  highly  da.<jed 
curves  having  the  sai-ie  starting  point  s=  a. 


/S    -.   ,; 


'^ 


As  a  clof=!ing   .^araE-rnph  to  the   ch.-^i-'tfr,    it  rill 
be   interesting   to   asrairae   that    the  h»-"ivily  daiiijerl  body 

is  civen  p.  bloy,    ini.arting  to    it   a  velocity  ±c,    at 
the  be^-ininr  of  tii:.e.      A^cor'l.incly,    the    constantn   are 
A  -  i  c  /2n  ^  p  ^  a  ±  c  /Pn 


and  the  motion  in   repronented  b-./- 


f5=  n  i  o  /Pn    (  1-e  ), 


(t^ 


th<=;  ■'^elooity  by 


B   =  i   CP 


and  the  aocftle-pation  by 

s  "  =  i  Pcne' 
The   final  i^osition  of  rert    if   given  by 

R;:  at  o  /Pn.  ii^-Sj- 


-'I 


on 

'iJhapter  IV. 

The  fundamental  condition  un^ierlyin^  tlie  i^rrpent 

case  is  definei  by  the  relation  N  =  f  and  it  constitutes 

the  transition  froi.i  the  flrnt  to  t:-.e  ssecond  of  the 

preceeding  cases.  The  ooefficient  of  d?iingj»inc  is  no?: 

equal  to  the  coefficient  of  restitution.  The  radical 

r  vanishes,  in,=  a^  and  ve  have  for  investigation  the 

very  Riiai>le  equation 

s=(A-hBt)e-^^-  U3j. 

The  constants,  exi^ressed  in  their  nost  general  form, 

arw   A^  e^^(  s-(  v+n-Ot,)  ,     B^  e"  '(  v,+  ns,).      (L  0 - 

If  the  motlm  and  tia^e   cor.x'.ence   siraultaneously 

frora  the   position  of  rAaTlnni-i  displacer.rnt ,   then  the 

above   eauation  becoraes      5^a-e.*^    {i  +  ncj.  (^5/ 

The  vp-iocity^  s 'r  -arftn"*'^    attairis  a  rr.aTinun  at   the(£>79 

tine   t  =  1 /n  ^ind  a       value   of     s'-_an/e.  ((f(s)- 

1    -ht  {(j}  S ) 

The   acceler'^tion     R''=:an  e     ( nt-1 )   attains  a  laaximum 
of  S "=  aif /e'-      at   t  -P  /n.  I C  7/. 


Ape,  r  1 0-dxi   Mtf(t  lan 


>t  =  f 


M  to  I 


iTi  ma. 


7,0 
'^he  damping  in  this  c^.pr   in  priid.  to  be   oritic^^l 

•^ni.   for  reafionn   th-^t  vill   a;jpear  l^ter.    On  that 

account    it  T'ill  be  d«^:f;irable  to  invrpti£;a^e  the   case 

alon;;:  a  lin*-^  that  agrpe'^.  '•  ith  its  .^r'^cticnl  a; ,  lica- 

tion.    If  t\r   initial  conditions  oe  spt^oified  as 

s  =  0,s' =  v^  and  t  =  0,  that  is  to  say, the  •  ody  at  zero 

rPG'^i'"'f'is  an  inpnlsr  and  starts  off  v.'ith  a  Vf^l-city 

^o     at    thp  befrininc   of  tine.      Our  nnuation   is 

r.  =  v^  n      t . 
If  n^f  thp  motion  is  nore  aperiodic,  and  if  n<^ 

osoillaticns   t^!<i-^  pla-:;e'.    Acoordincly,    th<^   pn^scnt 

rela+ion  n=f  is   thr   oni^   that   unst   bf>   possessod  by  the 

;.:oving  system  if  it  is  to  retM'':'n  to  r^^ro  in  tat-  shor''.- 

o'^t  tine  an'^  rithont  execvtinj;'  vibrations.   I*  ir. . 

then,  the  con'-'itior.  of  r.dnimm  aperiodioity  an'^  the 

one  to  be  met  in  the  oscillojrapjj. 

Let  the  tine  of  the  first  sring  be  t,  .  its 

value  be   s    ,    and   let    the    ov.rlori   an-l   SA-ing  of  the    -otion, 


if  thr^«=  no  '^.'unijing ,   be   t^    ^ni.  So.    ;^ov.'  t,  =  l/n  and 
!=?  =  ">oAip      ^n^'    from  th(     firnt   chapter   %^'^a'^ o /''^-■^i 
\^  ?  ir/f  =  OTT/n .    Plence   p,  =  v^  /f  ^ ,      S  =  v„/f ,    p  ^  r^  /e  , 
S  =  Vo  T^PFe  =  v^  T^  /L7  .  Jao    find    t,=  T  o/- TT. 

Thus   it   is  seen  th^t    there   is   a  very   sini^le 
relationship  betvreen  the   time   of  the   first    nv'ing   of 
the   damped  motion  and  the  period  of  the   saifie  motion 


if  undamped  and  that    this  first-named  time  is  the 


SQuare-root    of   the   ooeffioient   of  dnrnpinp. 

Now  En.(3^')   gives   the  position  of   the  system  at 
any  time   after  th<^  elongation,    occuring  at    t,.    and 
acoor'-iinglj'-  the  value  of  the  displacement   at   the   time 
t  +  t,  is  given  by  S  =  S,  e ''  '  ('"^  ^(.A  ^  tjj  .  (6  8). 

A  fer-  computations   disclose  thf^    fact   that  T^hen  the 
time  elapsed  since  elongation,    t,   bears   the   folloving 
ratios  to   t,  ,    thf-  tine   of  elongation,    then  the   vqiue 
of  the  dis^A"^ cement   exxjressed  in   terrris   of  th*'  r^-aximuin 


diR>.lace:.ient ,    r,  ,    ^"•"e  2^iverj   ±\\  the   table. 


t  /t, 


'.] 


'<.7 


S/R^ 


1  /IOC 


V- 


J  J,) 


J.  /I  J  ,  JOO 


^rorn  t^f^^e  "'-alunn  a  ^one-^nl  ^  lea  r.ia'/  i^e  obtninec? 


of  the   auicXnesp  of  t^.e";  return  of  "^"^o  svRten  to  zero,  the 


o..er''tion  being  Gorcplf^te'^  in  abont  three  tiraeo  the 


period  of  the  first  sving. 


Chaijter  V.  ^^ 

Oonoernin^  Dancing  ^''nctors. 
If  in  E«j;-,(4o')    F,,  and   -^  ^  ('  nre^    to   ^lcsip-nate   the 

maxiuiun  valnes   of   tvo   conpecutive   Rvij:£;s   on  the   Raiae 

side   of  the   ori2;in.    and  if   they   ociur  r\t   tir.ep   t^  ani   t^ 


Sj  -  «    e. 


and  alno  f^,  /^•,'^  <^      /*"■     '• 

If  the  ijeriodio  time  of   the   daUxJf-d  rtiotion  be   T, 
aTid   ^9'.      t  - 1  -f- T  ,   '"'e   ha^'e 

Therefore  r  ,  /p^  -  e       =  k^  ,  (6  ^j , 

n  ,  /r  =  k  =  e 
And  finally  log(  k,/sJ  ^  1 /PnT  =  lo^  Ic  ^  A  ,pay.       [jO). 

Nor  the  lo~  of  the  constant  relation  betreen 

the  sucoePBive  srings,  ani  represt^nted  b:'  A  ,  is  oalled 

the  loga-"ithrnio  decrenent  ani  i-^  the  natural  logarithm 

of  the  daiaping  constant, l:. 


.^4 

^roii  X  =  lozi  P,   /^^  )  :=  log(  f^2_  /r^  )r  -  -    lo£-(  r.^  /-^^^  ; 

rriX  a  log(  p., /n^^\or  finally, 

>    4lArho2(c,,,/s^^)^  (70). 

Kenoe  the  oonnt-int     v.p.y  "oe   readily  obt'^inpri.  uy  taking 

thp  ii-^tM.rallo^arithn     of   the  r;^atio   of  t\c.    uth   ir.ri    the 
(x+j.j)th   svings   as  inriioted  by  the   la^t   exprerrion, 
■Prom  the   preceedirig  fundnr.ental   rel^.tionR  ve 
Rh^ll  r\or   derive  the   R^i..:co7lr..f^te   forunla   for  tl-e  dar:ii>- 

ing  factor  pr   co:.\:..only  giver,   ai  d  used,    Ar  1:  is   'irfined 
by  the   ratio   r,^,/r;^^,  ,    it   folloY'P.   that    the   dfijaping   con- 
stant  is  the  multiiJ lying  factor  by  vhir^h   any  sYing,n, 
ir.   to   oe   obtained  fron  the   (ntl).    The   pringn   dininish, 
therefore,    iri   geoiietric^]    i^rogrension   aiid  as  dai.'.jjing 
is  i-repent    in  each  c-^'ing.    k  ip   the   i^roduct   of  the 
d.a:nping   effect    iji   t -le     n   ^nd   the  (n+1)   sving.    T>iat 
is  to   say    ,    the  dai.'iping  ef^^eot    ivresent    in   a   single 
<=?Y'ing  is  \'  k  and  hence  if   s  be   the  undar;.ped   and   s   the 


I-.     ' 


?;5 

^maijR'-I  vfilMP  of  an  oRoillation.    then     sjr  - /TT 

or     '^J'^  =  e   ^      ,    -^R  lo2>:=>     ,   e   ^  ir.    Aocorclinjly , 
log   Ro=  •^/'"  -hlo£:   R 


-  .Mi-^i'>;.i-  >,c!+  ■--- )  f?'^- 


v'hich  is  the  ordinal'  o^orn\ila. 

"'e   Rh"  11   noY!   triJce  uo  the  deri.nct ion  of  t'lctrue 
PXi.reBsion  for   the  da.'.ijing  factor.      If   i]"i  Kn.[^c') 
S  =  A  e.    /!UAA(^5t-c<.J        subject   to   the   initial   coiiriitions 


s  =  0 ,  r. '  =  •",   .    t  =  0 .    thf-^n  A  =  X  ^  /z   ^r.r'  o<  =  0 ;    ar.ri.   as    ^  =  ^  ^'/'^ 


'■■e  have     5  -    9~  ^        ,«^^-l^  (   -^  J  i 


and  5  --  -  J     -  fe.    ^  ^^--^C  -^j  ^  -  e    r  .  ^  ^^  zjij 

The  first   elona:;tion  ocoiirF  v;hen      z^,  - -^  /cCuC'-^  - 
Nor   Pinoe  /z-c^i  ~=-J -y^====-         and.     k  -^    -  e  =»■ 

'77  '-  -^A 


or  €• 


=  /"v;     ^  re  have   as  the  value    of  the 


dirplacerner.t    at    t,    ,  ,   /~  ..iry         /~-,  ) 

_  ^  f  ,  ^rr-  -^    ^  ~  'cu^  ^    \  l-t-/- 


This  then   Ir   the  expreRr.ion  for  the   dic-iAaceiAent 
in  '•I'tnperT  perio'iio  notion  ?nrt  piven  in  tei^r.iR   of   the 
logarithmic  '•lecrenent ,  A  ,    t^ie   initial  velocity^  ni;ri 
the   per iodic   tine  T. 


H    IS    "i.ntereRting   the        for  our  pur^op.e   it    is 
of  no   iT^jcortance,    to  'note   that   t^^e  i^elocitied  iJOSResneri 


bj''  the   ;^yf=!teni  at    t'-^.e   tiir.en   0,    T/P,   T,    J/^t   aiyl  obtaineri 
from  'Eq.iyJi)      are  v    ,   v^  r    .v,  e      ;that   is. 

Or  v:e   f?ee   that    the   Rflne  '"Tar^i^in^   aotion   in   ;/ recent    in 


the  volooitieT   at   the  tine   of  i.asrage   thru   zero    ^p; 

iB  present    in  the  r,T'in,7R   theraselveR, 

If  dair.ping  v.-ere   absent    and  the   s^:r.e   initial 

velocity  rere  hai,    then  re  roul'^.  find 

%=  -ov,  rir 
and  the  ^ralne   of  the  dRLiped    sving  nay  nov-  be  jjiven 


Since     7"= -^  / TT '^-^  A'^    ,  the  l^st    ennaiion  ueoomes 


=   R.  e 

ar  " 


lid  Kirniliarly     v,  .  ^  A'  k  ''^ ^ '  '^   •  il(^)- 

Vhen  X  becones   infinite,    that    is   to   r^iy,   rrhen 


the    conditio]    is   one   oj''   critlGal   da.iJing-, 


S^=  R  e 

O  r 


=  "^  .  "7  1  ^  .'^  ■  R 


'77/ 


If  the   right-hand  side   of  Eq,(7cr)    no   exijanded 
as   a  aerieR  r;e  have 

a  reries,    convprgent,  if     )^  ^C  -  ' 

It   can  be   easily   shovrr    that   the  I'alv.e   of  the   true 

danjing  factor  e  beoomeR   equal   to    the   ao^roxirnate     ' 

>/ 

valv.e  e  ^  for  the  ■"■alue  of  A-oonly. 

It  if?  interesting  to  note  in  passing  that 

a  relation  that  enables  the  constant  n  to  be  determined. 
And  fron  the  second  eouation 

the  other  enu^itional  constant  inay  be  found. 


/f  PftCCor  ~ 


1 

t 

1 

1 

■  ■  -  1     ■  •    ' 

! 

jy 

/£ 

\ 

! 

1 ' — -- 

K  =  s/s. 
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■NIov:   th^-t   re  h-^-A^e   -lerivei  t'\e   tr-ne  nv  ,reRrion 

for  thr   '^•^mping  factor,    it  vill   be   -irRirable     to  nnke 

'i  ooi'^rison  of  fie  vario-if?   foms   in  vhioh  thin   nu^.n- 
tlty   ip   encoT-mtered  ar.ri.  uRed.  T'ith  the   correot   one, 
y^ttention  rill   first   be    onid  to  tvie   form  th'^t 
ras  i.ore   recently/  ijrosed  by  N.K.Sriith  1't.t  vhore  orif^-in 
is   to  be    olaced   to  the'   dr»  chit    of  Prof.   ^" .    Stroud. 
Its  relation  to   t"'.a+   \-hiGh  has  £;one   before  rr.ay   be 
eaRili''  sho^'n  ih  .the   follov'i]~c  ray.   Nov,    clearly,   ve 
have     '(^^  -T—  =~    —  *^  (^0-     Y'here  h  in   a   const aiit. 

Hence  feux   %/ A    -  /a  ~  -==-       and   as   the   tnie   :"elition 
betreen  t^e. damped   and  the  undaiuued  deflections   is 
given  by    S^-S^G.  ,       re  Tna3'-  rrite    S"o--S,e  >e.  vO^J- 

If  in  Ea.(^/  )  Xis  negligible   con^^ared  toir,    then  h 
iR  nerlifible   ii^.   corr.p -orison  tolT/p  and  the-^eforr  I^lA 
iR  negligible  rit'i   resj^ect    to  unity.    Accordingly, 
Eq.(  ^2,)    iP.    PenRibl:r   en-'iPl    to  ^o  =■  >S,  e    '-^        (^3). 


."^9 

3iit  by  defijiition,      r,  /f'>   -  o      and  hence  vp   have    as 


Strong 'n   form  for  the  damping   factor 

an  pri.rp?^Fi.on  th?=it   can  on'.y  be   T>e~ar'i.e'l   as   represent- 
±nz  the   oase  v'hen    \  ip   rrnall   in  con^jTriPon  T'ithTT. 
An  eTanination  of  En.(  ^i'^f  )   and  F,n.{fR/)     fihovrp 
that   the  value   of  the  nndaiiiijed  swing  as  ^iven   oy  the 
forLier   is   alv^'^ys   larger  thaii  that    oaloulated  by   the 
aid  of  the  latter,      "^he  error  int-^oduaed  by   th(^  use 
of  the  Stroud- FiL'iith  forrr.ula   increases  v-ith  the    log- 
arithniic  decreraent   and   the   ratio   of   the  tr^o   values 

r    ^ 

Bearing  in  riind  that  h  is  a  directly  varying  fvuiotion 

of  y   ,  re  see  th-'^t  the  tro  s^'inrs  become  the "  same 
only  Y'hen  y  is  ?ero . 

The  ppr  cent  error  in'  any  cast;  is  gi^pr.  by 


b'c^'*^^^'^   J 


f - 


y  ■»,. 


il.'«*^«1l'fS 
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The   wraph  of  thip.   last   eniiation  Pi'ablep   t^e 

error   oresent    in   the  une   of  thlr.   rtii.i^lo   fori",  to   l-e 
obtair.P'-''.  by   insi^eotit)n.    This  ennation.   plo+teri  be- 
tween y,  an*!   of^r  ofnt   error,    if:   given  on   ith.irvf-Rht^jet 
No.XT 

Lsstly,    !+•  na"  'ue   Been  that      p   '''"  np    shovn   in 
EQ.(f.5~).    i-^   the   oorreotior-f actor  to   the    oori^e^tion- 
f actor.      In  critical   '-iaaping;,   r?aenX-^    the    error 
becomes   infinite. 

We   shall  nov  pass  on  to   the   consideration     of 
the    stp?n9.ar4  forrr.nl^    ^o  "  ^rv  ''"  v4  3   -    '  vhich   consists 
of  the  first   tvo   terras  of  the  expanion  of       e    , 
PS  vas  shov:i.  in  t^e   earlier   ^art   of   the    chaj..ter. 
The  error  present   in  this    case   is   clt  arly  given  by 


This  equation   if?  ^.lottei^.  on   Ou.rve-sheet    Mo.  XLL 
He:^e.    as  before,    the  error  lof^cones   infinite  vith 


^imft 


■^^^^^' 


»it •  ■'' .  •?■  1 « 


K=v«. 
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Gritical  rir-n.jinc.  But  ve  knar  that  ?^=  !^^  c  ~p..718r^^   in 

thir,  instance, 

Fron  the  graph  of  t::iF   i^ercerit    error  ennation 

it   ip   seen  that    V'.e  r^.asnit\ide  of   V:p  error  Ip.   Pmall 

for  Ruch  valrxp.^   of  K   ^^.  are   ordinarily  nnconnterrd, 

and  acoordingly  this  forj;  of  daiaxjing  fnotor  ca::  le 

used  in  fne   a^^erage    oaf^e. 

^"e  have  nov:  to    consider  the   enaijirical  forraula 
SJ.  s,  .  i(  ^-^)  '?«^ 

Since   s,  /s    -  e    ^r  (i-+  «  X+  --  -  -         ) 

=  l-h  yy  ,    if  higher  ijovrers  te   neglected, 
Sj^  r  -  J> 

v:e  have(,V.^  *^^j.d  fron  En.(^7  )       s„'-  S.  +  ^.  C  '^4  •^' 

If  X  be   sr-iall ,    then     ^j/^.i-"   Gouj^arable  \at'-.  unity 

njid   there    results  S^   -  S,  '^'Tfl^i'  ^z)  •  Q.E.P. 

The  "oer  cent  error  in  gi'^'en  b""   ^  .   ,_, 

and  an  inP:j<^ction  of  its   gra^^h  on   Ourve-r.heet   yo,YTTl_ 
shoe's  that   the   error   iiivolved  ij.  its   nse   is  .uucla 
larcf-r  than   that    incurre*^   thru  the   ai^plication  oT 


( 


•  ■» 


p^ 

s 

H^M 

1 

i 

^^P 

■ 

^H 

■ 

■H 

■ 

■| 

■ 

^^H 

■ 

^^H 

■ 

4?> 

eithrr  6f  the  preoeeding   sir.iplified  forvriR. 

finally,  uentr.an  n^y  le  inari.e   of  the   form 
Sj  =  S^  b  ^yZ  =  J^^  ^  S|      Hnr\   ijTopoReA  for    ise  v.'hen 
i<^  very  lar£;e.      The    ^P>.1'  coition   of   this'  :aa}:eBhlft 
could  net   be   oonnte];ariOed  in   any  exoe^-t    the  most 
iinijreoif3c  T'ork. 

On  ijn^ei',43^i~'fi':.ere.   r>->e  arrani^c"!   in  tabular  forra 
the   niimerioal   value«^  of  dorrection  factors   for  dauping 
as  calculate  1  by  Vv   '^^ever'^l  jreceedin^   I'orriulap. . 


Correction  '"''rictorR, 


4? 


/  riA  t 


^ 


X 


/.-te-'T^ 


K 


(olMWft'*^      <>t;kLlYir»(  iitVCt^'i 


i-fY^ 


1^- 


\<. 


1. 

0. 

1. 

1. 

^ 

1 

1.01 

1.049 

1.  J -iS 

1.JG5 

1  .O'^l 

1.010 

1.010 

1.010 

1.0.?3 

.093 

1.01? 

\.0%2 

1.015 

1.015 

1.015 

1.04? 

]  .C?l 

1.090 

1.091 

1.047 

.0461 

1.0?  3 

1.055 

1.096 

1.095 

1.096 

1.066 

1.099 

1.030 

1.03? 

1.07? 

.0691 

1.035 

1.084 

1.038 

1.035 

1.038 

1.091 

1.044 

1.040 

1.044 

1.096 

.  09,91 

1 .  046 

1.105 

1.050 

1.045 

1.050 

1.118 

1.066 

1.050 

1.057 

1.15?'^ 

.1151 

1.058 

1.148 

.1389 

1.079 

1.175 

.1619 

1 .  08 

1.196 

1.089 

1.075 

1.093 

i.pon 

.184? 

1.093 

l.?''>0 

.907? 

1.104 

1.P59 

.?303 

1.116 

I.'' 3  8 

.?53? 

1.198 

1..''91 

.? 

1.193 

1.100 

1.136 

1.318 

.9763 

1.139 

1.349 

.99<13 

1.151 

1.330 

.3994 

1.163 

1.413 

.3454 

1.174 

1.414 

1.173 

1.195 

1.189 

1.445 

.^G"/! 

1.184 

1.479 

.3914 

1.193 

1  .  B14 

.^1^-r, 

1.909 

1.549 

.4375 

l.??l 

1.585 

.4605 

1.93? 

1.6^!^ 

.4835 

l.?44 

1.6G0 

.5"66 

l.?56 

1.68? 

l.?^9 

1.150 

l.?57 

1.G9-; 

.59^16 

1.967 

1.738 

.55?6 

l.?79 

1.770 

1.301 

1.175 

1.351 

1.77.^ 

.5756 

1.900 

1.8,90 

.5937 

1.301 

1.905 

.6447 

1.394 

1.950 

.6677 

1.336 

1.999 

.6903 

1.347 

P.OA? 

.7158 

1.358 

9.039 

.7  368 

1.369 

P. 138 

.7599 

1.331 
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K 


X 


%.k^' 


-1, 


K 


1+  >/-■ 


f-  V; 


K 


?.1HS 

.78^9 

1.392 

p.-^.-^g 

.8059 

1.403 

P.P40 

1.4023 

1.200 

1.49 

P..P91 

.8289 

1.414 

P.?44 

.8520 

1.4,''5 

,?..^99 

.8750 

1.436 

?.455 

.8980 

1.44.6 

P.Fl? 

.9.^10 

1.458 

P.570 

.9441 

1.469' 

.^.G.-^O 

.9671 

1.479 

?.<39P 

.9J!01 

1.490 

P. 754 

l.Ol.'? 

1.5  01 

:^.020 

1.105 

1 .  542 

.^.1.'^ 

1.576 

1 .  225 

1.778 

5.80P 

1.33C, 

1.644 

5.01? 

1.612 

1.755 

G.0?f3 

1.796 

1.824 

7.943 

2.72 

1.919 

9.550 

2.250 

1.967 

10.00 

2.302 

1.989 

10.00 

2.151 

1.248 

3.1G2 

oo 

oo 

2.718 

2.718 

1.250 

OO 

Chapter  VI.  ^^ 


V'e  noT'   u^sr,   on  to   the   oonri  laration  of  nxjeriorlic 
lootion  T.hen  the.  body  has  an  initial   velocity   at    the 
be2;"'-^-in|^  of  tiue.    Thi?  part    of  our  Rub.iect    ±y.  neces?;- 
sarily  olOF.eltr  rel'ited  to   that  v.'hioh  has  preoeede'i 
an'i.  rhile   it   involves  not    only  nuch   that    ir>   of  gen- 
eral  interest   it    supplieRthe   oonclurfing   chautt-rB   that 
rcake  the  riiacup^sion  complete , 

Bearing  in  iriin^_  that   the  fun-iarnental  equa-jrions 
■';n'^erl3''ing  aperiodic  motion  are  S-e*  CAe     -t-'Se     .  ,1    J- 
Thev.  the   coefficipr.t    of  danplng   1?^   greater  than   the 
coefficient   of  re^titM+lon,    and      s_- e  *"  (^t  t2>7^}^     L^?))- 

when  the   tro   ooof  ■"icle]-t8  are   equal,  ve  have   tvo   con- 
ditions to   deal  rith  and  rhich  i-ill  he   ^lesignated  as 

the  first   and  Re-^or.d   capes  teBpectively, 

Let   nr.   aRRui.ie  that   the  initial   velocity   is    —  c, 

rhich  Trill  give  it   a  direction  the   sa-ae   as  that   of 


4o 

the  restoring  force,  at  t— 0.   Then^as  t—  0,  s  =  a, 

and  s'-_c,  re  obtain  as  t>ie  valtic  of  the  constants 
of  integratioj;,A,B,  in  eouationp  ( j"3  )  ,(<5~3'),  ani.  EqJ 


In  case  II,  the  constants  are  foim'^  to  be  and  Eq.(3^) 
becones  ^&,        ,  ■  >  ' 

The  notion  is  still  a^^eriodlc  as  may  be  seen 
b-/  noting  that  s  =rO  vhen  t-«D;tho,  as  v;e  shall  see, 
a  value  of  -  c  greater  than  a  certain  critical  nagnitude 
causes  the  body  to  pass  thjr.x   zero,  attain  a  Maximum 
position  on  the  other  side  and.  then  creep  bncK.  to  the 
zero  position,  unrler  no  circumstances  can  oscillat- 
ions ta?.e  pla  )e. 

The  velocities  nre  easily  found  to  be 

and 


S  -  e 


.^C^{h^~c)t   -cj  •  iP) 


<i 


M^r^^. 


fssmsmssmm 


(to. 
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anr?  fhe  Hooel.eT'^.tlonr. 

If  the  left-h-^.nrl  aember  of  EqR.(^0  )  and  ('iJ'o') 
be  placed  eqn^l  to  ?f^ro  nnd  t'^e  oorrenijondihg  values 
of  t  fonnd.  vie   h^ve   f^  ~    <^ ,    (9^), 

there  p.re  the  timoR  of  tranpiit  of  the  body  thri-i  the 
origin  Fher.  the  initial  velocity'-  in  -o. 
In  the  Bane  manner,  the  velooities  specified  in  Eqs. 
(  9/ )  and  (  9Z)   nay  be  shovn  to  have  a  zero  value  at 

tinee.  given  "03^  ^  "  ^  ^  — ? —4       (<?  6'') 

.      c 

and   r  r  ^ — , 

Their  r.axinujr.  values  occur  vhen 


(i,^r)^JO  -«.(^v.^)  ^ 


and       ^  -    -^  <?  - 


If  the  t7'0  Gurvep  represented  b'/  Eqs.( '7^  ),(f<9  ) 


be  exar'.ine'^  for  r^ointn  of  inflection,  points  at  vhioh 
the  curvature  chanfreB  but  vhich  are  neither  i.;a:-:ir".a  nor 
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mimima,  vre  find  that  the  defleotion  curves  have  nuch 

point.  -^%r'r^^^^^^^^^^^^^^^^^^ .      '/7I 

and       ^  ._  ^c-^<^  .  I'fT^ 


and  the  velocity  curves  at 

and  ,  <r  (^-v)  J  c--vcv,+  r;?   '         m  A 

An  inspection  of  the  values  of  t  ,  t  . 
t  andt  for  each  of  the  tv/o  cases  shovrs  thst  ve 
have  an  arlth:ietical  series,  in  the  first  case,  the 

and  in  the  second    y6t  -  ,  .■    \ 

In  the  various  values  of  the  tine  given  above,  it  is 


constant  difference  is  ^  ' 


seen  that,  ii;  the  first  instance  there  is  alv/ays  iTCsent 

the  ou-^r.tity   ^^^  • ,  i/Cf)^ 

and  in  the  second  C  -   )t  a  -  i/c'H) 

Inasnuch  as   the  valu.o   of  t   is  eHr-entirlly  positive 
ijinder   ■'^ll   real   circ^JirantaiiceG   it    follovs   that   the   rela- 
tion detenainins  this   condition  is   that     c-a{^Ti-f-r) 
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shall   be  jjositivo;    taat    is,  c>a.l^'f^J;      r   is   posltivo; 

for  the  first  c^se,  and  ^J^  ^^      in  the  second. 

In  the  extreme  aase  vhen   G  =  a(n+r)  or  o=na, 
aa  the  situation  Hi-^y  be,  it  vill  be  seen  that  the  body 
ooixies  to  rest  at  the  origin  only  after  a3"i  infinite 
tine.  ?;hen  this  special  realtion  is  ^iresert  then  our 
initial  eouations  taKe  on  t^'-.e  f i  rTiS 


S'  ~    o< 


t 


S  -    a-   -*  .  l/of). 

Further,   rhen  r-n,       S^^^e,         (^avo^-e^;, 
CY-      5--e'^     \  o^~±  {  c     a.  ■^)\  >  (lOS). 

it   follovs  that    the   body  v.-ill   attain  the   position    if 

equilibrium  only  T')ien     c  :r  s  h  <v         and  for  values  of 

c  greater  than  J3na,    it  v/ill  pass  thru  rero.    Also  vrhen 

G  =  Sna-tq,    the   final  position  is    s^-'r/'2^\-      and   if 

G-?na-q,    the  final  ivoeition  is.    S^  '^/i  >t  - 


As   n   Pir.:plp    a^Ji^lioation  oi:   an  i4ea  or   t\:o    ,    f\nr\ 
in  Gonr.pctioi:  r-ith  aneouation  or  tr/o,    to   bo  f  '-incl  in 
the   preceeding  pagen,    it  vill  be   of   interest   to    consirier 
the   fifl'ect   of   n   oMrrent   on   the  cj^erioiio  rv^tioii  of   a 
icoving  magnet. 

Let    fip    oar-,e  be  th^t    in  T'hich   a  cnrrriit   of  ^•nl^.^e 
i   aots  for  a  very  short   tirr.e   t'    on  a  susijenied  magnet 
rhile   at   rest   in   its  position  of  em.iilibririri,    '^he  iV.ng- 
net  T'iir.   reo*"i'<^e   a  i>ositive  ^'elocity    C-- > 

M 

v.'here  Vi   is   its  rnouent   of   inertia,      ii  j.ts  r.orr-ent    of  rota- 
tion,   that    is,    the  effect   of  unit   current    on  the  mag- 
net.     The   const nrits   A,    B,   vhich   a^Ji^ear   in  the  general 

equation  (^JT)    ,   ve  f'.n'l  to   oe       l\-~^A/        1^-    *7^V  ' 

and   the   eoiiationn   takes   the   forifi 


The  ina-^net    reverses   its  notion  at    r=/i.r*^   ~  — 


s-=  %> 


ani.  retixrns   nrfi/Eptoticai  13''  to  the  position  of  rest. 


In  th^":    cast-,    1-1=  f,    the   eonatior.   beooiuRF.  Rir.riiier.    The 
constant?.  taXe   far   valuer;   an^.   th(-^   cauation  a^-^earR 
as  5  =.  C  e       L  ,         (^ic>/j.     -pv^g   curve   or  d't^lnationn 


is  seon  to  be   concave   toT'-^rd  the^   axir.  at    tao   jri£;in. 
its   or'""iinates   reac'n   a  .aaxirvjia  valu.e   of    $     -  '^/jif 
at   the  ti.ne   ^    =l    '/^t  ^nd  that    it   har.  iX>int   of 

SrtMo^       / 

inflection  at     ^  ~    /n  •  The    ex^^ression  for  t 

fvt  S-  May 

pomits  the  mTiafrical   detp.nr.ination  of  th*?   current 
liiiAil'-e   on  the  i.^a^net    to   be  ir.ade, 

7hc   curvi-;   of  vel'Mcitiea    oeginr  rithan   ordinate 
c   at   t  -  o   and   is   seen  to    -'e    -jonvex  toward   the   tine 


axis.    It    c^its    the   sa;.;e    at    f-ie   tir.e   t        and   it   attains 
at   the   tine  t.    a   ne-'-ativo  uaxii-;nra  and  i^asses  thru  a 
point   of  inflectioji  at   t  =    /n.- 


The   arit'ni'ietical   series   of   ti:.;es  ;ie]itioned  or    i-age 
is  seer   to  be  present   here   as  veil. 


Chnpter       ^'I^^  5.? 

In  the   I'^st    ohn:-ter  \'e  r.M-re  ir.terested  v.'ith  the 

little    oi-oblein  of  the   effect   of  .n   ourr^-^nt    i:.i.julp.e  on  a 

magnet    free   to   rao^e   anri    at    its  ijosltlon  of  equilibrium. 

In  the    .^resent   am-.e  ye   Rhnll   puppose  that    the  m^.£?ift 

suffers   a  n.eflp.ction   th'^t   become'^    constant    au'^.  that    the 

deflecting;   current   jaaintaiiiB   a  fixed  value. 

If  the  magnet  moves  under  the   influence  of   a 

conpt  ant    currert    of  vtIiip   i.    from  the   zero   poRltion 

to   a  iiev  position  of  eq'.-'.ilibriuu.    attained  under   the 

unitod  effects   of  the    cu.rrent   and   the   restoring   force, 

the    differential   enviation   in   the   case  becomes 

rheT-e  Ic   is   the  ne"'  deflecting  foroe  divided   by  the 

moment   of  inertia  of  the   system. 

The  general    integral   is  s  =  ^    (Ae    ^/^c    j^v-i       C 
If,  y.-hen  t-0,    s~0  and  s'=  0   then  t"ie   constants 


If  ve  iesi^nate  by  H   the  horizontal    -iOHiJOin.'-i.i  o£   the 
earth 'P!   field,    and  by  1/   the   nn^hetic  moment   of  the 
magnet   and  bearing  in  mind  that       rs.u}l/m^ 
re  find  that     k /f"^-  ul  AH. 

Introducing  these   auantitifis,    oiir  eqn.'^.tion   is 

The  motion  arineR,    the'^f^fore,    ae  v-as   to  le  exijected, 
fro.n  thi:^   Baine   lav:r,   as   in   the   falling   of  the  aa^net, 
onl3'-  that    in  the  place   of  the   quantity' a' ve  ha\'e 
u± /\^'R  and   in  accord  vit'-.   the   theory,    the   zero  vill   be 
attained  T'ithoixt    osci]  lations   and  after   an   infinite 
t  ime , 

Y^hen  n  =  f  then  our   last   equation  L;ecoiu<-s 

B  =  ui/l'K(l-e''^(l  nt)).  f^"^)' 


Chapter      IX  54 

In   'Addition  to   thf^  jrovloxis   corribiiiationF,    of 

ijosition   and  velocity,   v^e  may  su^~*^ct  thr   follo7:ing. 

Let    a   curirent    impulse   act    on   the  laao^net    -^t    tlie   instant 

it   starts   to  iriave  xroi-i  the  displTjer^ent    a  oii   itr   return 

to   zero.    Then   Eqs.    (fr  )    and  (^o')   ai^uly  bn.t  T-ith   c   of 

the   positive   sign.    The  magent  r'aKes   an  excursion  and 

as^Tnptotically  approaches  the   zero.   If  the  najnet   is 

already/  in  motion  and  it   receiver,   an  iMpOilse   ^t   s,  and 

t  ,T'hich  gives  it  a  velocit/  of  ±c,  then  there  ir  a 

discontinuity  in  its  notion.  If  n  =  f  the  vr  Yinvp.    the 


eoua 


tions  SrJ^^C>l-»Oe  _Ci^^r)e  S 

Here   t   ±n   the  ne'^^:  tine   and   is   counted  fror;.  the    instant 


of   inpulse.   The   right-hand  side   of  Enr;.( /^  /  ),  (//^) 
is   the   algebraic   suj-i  of  the  right-hand   sides  of  Kor!.(57) 
and  {/oG)    and  Eos.    (35')    ar.'-l   {Joy'<   respectively'-,    only 
that    in  the  first   terra  t  +t    stands  for  t.   It   iu  found 


juBt    as  vroulrl   bp   expftoted.,    that   ve  "'.ive^  "^.ptc   the 
superpopltlnn  of   tro  notions. 

If  c   is   r:P£^-^tive   the   zero   can    oe   transite'1.   and   talsln 
casp  En.(/H  ),   T'hen  c  — (ds,  /dtY>  (  nf-r    )f.,    and   in  cape 
Eq.('Ci-)  vhen  c -  (d.s ,  /dt]>  ns^    Co.iiijare     Cha^^teT'    VL 

If   thp   current  T/hich  has   riven   a  constant   dellection 


to   a  rfiagnet   suddenly  change  fron;  i   to  i,    then  t'p  have 


v:hen  n^  f ,    the   Eos. 

and  the  .-.'.a^net  taKe^  ui^  the  ner:  position  ^"ithout 


oscillation. 
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In   this   oor.olurling   chapter  r-e   shall  briefly 
O'ltline   the  nain  ri-^-^tM-^c^r!   rind  reialtn  of  onr   investl^'a- 
tion.      En   t'u;   ij^cecding   ^a^es  re  have   been  concerned 
vrith   the   study  of   t':e   da-n^jed  motion  of  a   RURi^ended. 
body  free  to   execute  oscillations  under  certain  con'^ii- 
tions  and  in  particular  with  those  cases  ii-  vhich  the 
motion  is  not   oscill^to:"7  out   aperiodic. 

As  ^'e  ha^'e   already   signified,    the   treatrr.ent 
applies   in   all      generality   to   bodies  rhose  return  to 
the   initial  position  of  enuilibriiji::  is   seciired  b3'-  a 
force  that   is  proportional  to   the   an^le  of  dis^^lace- 
ment    aiid  "-hose   restoration  is  o^-i-osed  by   a   force 
proportional      to   the  velocity   at    pjiy  insta].t. 

Bodies  having   a  single   torsion  suspemion 
satisfy  the  first   reqvireinent   and  for   "]  ]    vnlver  of 
the  angular  deflection,      Sus^>ended  bodies  hnving 
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torRionles^   ^niJ^ovif^  must   olearli''  seoxre   their     restor- 
ing force  from  ap-encles   oi.itRide   the  .-aovins  syntera 
itpplf;    fl.R   in  the  in!^£:net    suBpenrlei.  oy   i  long,    thin, 
silK  fioer,    thp   earth' r  nagnetio  fielrl.   beli-:.;^  thp   agency. 
In  thir   case  the  force   in  min'l   is    strictly  i^roiJort- 
ional   to   t^o  sine   of  the  clis,,iacer:ient   and  hence  it 
can  only  be   consirlerer)   as  ;r.eeting  the    coi.dj.tions   assigned 
rhen  the  deflection  is   so   snail   th«tthe    sine   is   sen- 
sibly eoual   to   its  an£:ular  .:iagi:itude. 

Fron  the   above  ve   ree   that    the   subject    in  h^nd 
applies   to   the   :.:oving  syster.:  of   p.   d'Arsonval   gal- 
vanoiaeter,   rith  torsion  suspension,    and  to  the  Thomson 
galvanorseter,   vrith  moving  ina^-aiet   system,    an^i   torsionless 
suspension,   ^^rovided  the  angular  deflection  is   snail. 

The   energy  of   the   system  obvi:)usly  reir.ains 
constant   if  there  be  no  danping  forces,    as  the  oscilla- 
tions continue  without  end  and  rithout   diminution. 


Danpinj]'   a^iengies   are   ene-y-GonR'iming   ai'i4   it    is  thru 
their  ^jTeser.ze   that   the   energ:'  of  the   syf^teia  iP   trai»- 
forned  fron  a  motional   to   n  non-i.iotional   oharacter 
or  transferred  to  other  bodies,    or  "ooth. 

In  the  actual,   liiaterial   conditions  of  the  above 
types  that  naj'-  arise,    the  damping     ov;es   its  existence 
to  e'Vi.y-cur:^Rnt   reaction  or  air-frictio  n.      The  former 
is   riciclly  .-report ional   to   thf^   first   pover  of   the 
velocity'-  and   the    recond  is   quite   ap^roxiaiately  so   for 
lor  velocities.    The   actual   lay:  of   the   relatioiiship 
in  the   second  •nase   is   ver:/  irregular,    vnryiiig;  r-ith   the 
angijlar  velocity   and  vrith  the    s^irface   exposed  to    air 
contact,    if  the  speed  is  kept    constant. 

Accordingly  it   is   seen   that   the  enuations  here- 
in deduced  nay  be   talcen.  as  apply ir,g   directly   to   gal- 
vanor.eters   of  the   abo^'e-ruentioned  tyi^es,    for   in  the 
one    case  v:e   renerall^''  have    a  torsion  suspension   and 
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eddy-current  ?ajipin<:-  and  ±n  the   other,  eafth's  field 

control  and  air  dariping. 

Passing  nov  to  the  curves  in  the  text,v'e  easily 
recognize  that  on  Sheet  I  as  ijeriodic  motion  heavily 
daraped — as  that  of  a  pendulu.ri  swinging  in  a  tan'K  of 
vater.  T'le  coefficiey.t  of  da.:.:^ing  is  ?n=;,4J,  n=-PA, 

7. 

the  coefficient  of  restitutior.  ir  f=."'./.l.  f=1.55 
and  f^  n  obviously. 

Aperiodic  i::otion  ,  defined  b-;'-  thi^  cor.-^ition  thaf 
n^  f ,  in  sriovrn  on  She<^t  II.  The  maximum  initial 
diSi^lcement ,  a,  Y'as  taken  as  100  in  evei^r  o^r.e   and 
in  general  the  otVier  constants  v.rere  so  chosen  that  in 
20  units  of  tii;;e,  the  angular  x^osition  had  decreased 
to  qoout  5.   Curves  !Ton.l.2,(n-.P37,  f=  .,?.^,? ,r  =  .05 ) 
illustrate  the  na^"ner  in  v/hich  the  displacement 
changes  when  the  restoring  forces  are  in  the  ratio  of 
.014-   to  .054,  or  1  to  4  approximately.   Curves  Nos. 
3,4.  corresponding  to  the  sa::'.e  condition  as  that 
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represented  by  }Jo.2,   give  the  velocity  and.  the  accel- 
eration; the  forii.er  starting  \'ith  zero  val.ie.  attains 
a  negative  maxirrium  at  t  j:  1 /2t   log(n-i-r/  n-r)*  4.187 
and  tiien  falls  pff  to  r:er.)  at  inrinite  tine.   The 
acoeleration  starts  in  v/ith  a  positive  val  -e  of   5.33, 
be  cones  zero  -^.t  t  =.4.137  and  then  remaining  negative 
(  shorn  above  the  axis  iffor  convenience )  to  the:  end 
of  tii.'ie  but  attaining  a  ";:.axir.;ni.;  in  its  slov:ly  diir-n- 
ishing  career. 

Sheet  IV.  Curves  Nos.  1,2  rejjresent  the  deflec- 
tionstir.'.e  relptioaship  for  a.-criodic  motion  vith  in- 
itial velocity.  The  Si^ecificat .'.ons  are  n=r=.24, 
initial  velocityt c, -c=rf/i-'^  .4  0ur''^ep.l,3,o  rpr::.  •:>ne 
group  and  .'^,4,5  the  other.  All  motion  continues  until 
t=oc  tho  it  ap:-'ears  fiiiished  at  t  =  10, 

Sheet  III.  Aperiodic  rriotion  T:ith  critical 
daxiping.  n  -f  =  .237  In  this  case  re  have  the  borde.?- 
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line   of  oscill?itory  and  aijeriodic   .-notions.      If  n\  f 

tliere   is  no   oscillation  an'l   if  n  <^f  oscillation  takes 
place.    Critical  ^lar.ping    insures   f^.e    soeedie;-t    return 
to   zero,    T'leoretically.    all   aperiodic  iuotioj:  is  not 
corr-ijleted  until   after  an  infinite  tii.e  "out    iu  the 
i^ractical   c-ne^  critically'"  dajA^JUic''  nay   secu'^f"  a   ret-i.rn 
ot    ^ero    fiat   is  for   a].l  iJarposes    cor.i.lete   iji   a   short 
tirie.    In  this    .-articular   instance,    the   velocit;-   is 
negative,    attains  a  rriaxi.:iu:.;  at   l/n  =  4.f?,'    ar.d  then 
decreases   to    nero   at    infinite  t'.;..e.      The  acceleration 
is  positive    at    the   start,    chan?:es    sign   at   1 /n   and   then 
remains  ne^iative  for  the   r-^st   of   tine   tho  rising   to   a 
maximum  at   2yh=L3.44. 

These   three   c-.rves   are   closely   similiar  to   those 
n-.Uiibered  .^,'^,4.    or.  Sheet   II.    This   ^irir-es  fro.i  the  fact 
f   in   t'-iese   l^st    curves  is    so   nearly  equal   to  n.    the 
condition  being  very  near].y  t'l.at   of  critical  '■Temping, 


6P. 

and   inaivertantly  used  to   secure  a   curve   of  deflfct "ions 

of  decided  c'l^.ractPr.   If  liorcvcr  curve  T'lo.l   of  3heettl 
be   comLnred  vrlth  No.l   of   She(it    III,    t"ie   efff-ot    of 
critical   daff.ping  in  ve-^/  cleirly   se"^n. 

3'ieet   V.    This   curve    in  tvro    ij^.rts   £;^ivep  tie   true 
dauiJing  factor  for   cjalvanonieter  or  other  luotions  co- 
forming   to   the   assira-tionp   herein  laid  dovni.   For 
undamped  rnotion,    k,    the    -"atio   of  t?'o    conspcutive   sv;lnzBj 
is  unity      and  increaser   to   the   value   of   2,713  v.'hen 
oscillatory  tiotion  is   changed  to   a.jeriodic.    and  for 
the    oa'='.e   of    critical   damping.    Thir.   curve   is   available 
for  i^ractical  xJur^joses   and  gives  the   correct   values 
of   the  undamijed  swings,    a   character  not   jjosserced  by 
any  other  fomula  than   the   one  plotted  here,    naively. 
s  -  sk  >■  . 

Sheet   VI.   ?'e  have  here   the    constantly  positive, i^er      cent 
error  curve  of   the  dar.piiig  factor  given   in  the  approx- 
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innte  form  (s,  /  b  )/^, 

Sheet  VII.  A  curve  exhibiting  the  ^p.v   oejit  error 
iiitrodn.Ged  thru  the  use  of  t":e  ordimr-/,  approximate 
damping  factor  (  1 -i-  '^/2).The  error  is  ^^ositivo  v.'hen 
lc<(f.?7  and  ne^ntive  Kyp.?>7,    There  is  a  ,7iaximii.'.i 
positive  error  at  K.=  ?  approxiinately  and  zero  error 
at  ]'i:^2.Z'7.        It  iR  to  "ce  nted  that  the  error  is 
for  all  values  of  k  that  would  be  enco^mtered  in 
coiaraon  practice,  very  sraall  and  therefore  ntjgligible. 

Sheet  VIII,   A  curve  shov.dng  the  per  cent  error 
present  in  the  use  of  th'=-  daiTiping  factor  in  the  form 
(s_-s^  >'/4  Even  if  the  valie  of  the  constant  k  be  sr:.all 
the  error  is  considerable!  and  quickly  risef-i  to  values 
that  render  its  use  out  of  the  question. 

Sheet  IX.   Displaoenent  and  velocity  curves 
for  aperiodic  .r.otion  v:ith  initial  velocity  =.5 


Note.  ct- 

If  the  expreR^^ion  vith  vr'iioh  re  '^^ve   been  concerned 

in  t>ie  preceeriing  p^^per  aro  rleRire-l    to    -i.  ..oly  specificrilly 

to   n  rnnteri^l  boi.7  oi*  luorr.ent   of  inert  in   K   nnr^    pore- 

essing  a  riirective  or  restoring  force  D,    then  oiir 

familiar  constant   f  is  ential   to   D/K.      If  the   factor 

V7ith  vhich  the   instantaneous   angiilar  velocity  r:.nst   be 

multiplied   to   give   the  raoment   of  the   restoring   force 

be  p ,    t  hen  2n  ~  j  /l\. 

The  general   en'x''.tion  vhen   referring   to    this 

particular  application  is  usually  given   in  the  form 

"'hen  the  motion  of   a   suspender!,  magnet,    of  magnetic 
raoment  II   and.  raoment   of   inertia  ana     in  a  ..lagnetic 
field  of  'Strength  H  is  under  coi'isiderntion,    then 
f    —   I'ill /l{  and  J?n^p/K   as   before.   AcGo:i"'-''ingly,7'e   have 


Or  if   it    is   nn   el«ctric   circuit    .j>iono;;ienon  that 

ic.  to  lie   th(^  subject    for  invpr.ti£i:'tion.    Vie   ver^lF.tinoe^ 

capacity  n.nd  induct -^jip  brinrj  rU^rlr^nated  by  R,    ■::;,    ani.L, 

resppctively ,    t'len   out  ^votent    pouat'on  teller,   tn*--  forci 
Jlil   _^     \\^  ^^     .      -L  s    -   C7       c-r 

since  t?ae  ^-^ari^ble   iB   tho   current,    it  iny  be  '.lore 
cor:"t'ctl^  vrritton  as 

We   therefore  h^vp      2n-'R/li        f  =  l/LC 

::^   p/k  =  D/K 

anrl  it  is  Bt'pn  thst  p=s  R,  F  ^=^  L ,  D^^l/d. 
In  v'or'^.R,  thP  restoring  force  n,  f:p  Plisticit-;,'-,  of 
th'-''  system^ finds  its  du-^^lity  in  tie  reciprocal  of  the. 
capacity.  Conversely,  it  is  seen  th-^.t  capaclt3'-  corres- 
ponds to  the  oonijliancy  in  r.echanical  notions.  The 
moment  of  ineT-tia  K  finds  its  existp?:cp  in  th^  electric 
cir-jult  in  the  Inductance  thereof.  And  lastly,  the 


fa;:iili'='r  coefficient  of  damping,  ^ri»   occurs  in  another 
dress  in  the  form  R/l, 


